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Abstract. We study the family of isomorphisms and strictly singular operators in mixed 
f^ , Tsirelson spaces and their modified versions setting. We show sequential minimality of 

CNj ' modified mixed Tsirelson spaces TM[{Sn,dn)] satisfying some regularity conditions and 

present results on existence of strictly singular non-compact operators on subspaces of 
^ . mixed Tsirelson spaces defined by the families {An)n and {S„)„. 

I— !■ Introduction 

<t^ . 

rr I In the celebrated paper |20| W.T. Gowers started his classification program for Banach 

spaces. The goal is to identify classes of Banach spaces which are 






> 



(1) hereditary, i.e. if a space belongs to a given class, then all of its closed infinite 
dimensional subspaces as well, 

(2) inevitable, i.e. any Banach space contains an infinite dimensional subspace in one 
of those classes, 

(3) defined in terms of richness of family of bounded operators in the space. 

^D I The famous Gowers' dichotomy brought first two classes: spaces with unconditional basis 

^^ and hereditary indecomposable spaces. The further classification, described in terms of iso- 

pg . morphisms, concerned minimality and strict quasiminimality. A Banach space X is minimal 

I • I if every closed infinite dimensional subspace of X contains a further subspace isomorphic 

(~^ • to X. A Banach space X is called quasim,inim,al if any two infinite dimensional subspaces 

Y, Z of X contain further isomorphic subspaces. The classical spaces ip, 1 < p < oo, cq are 
minimal and the Tsirelson space T[5i,l/2] is the first known strictly quasiminimal space 
(i.e. without minimal subspaces), [15j. The results of W.T. Gowers lead to the question 
k>( \ of the refinement of the classes and classification of already known Banach space. Further 

^ ■ step in the first direction was made by the third named author, [30j, who proved that a 



C^ 



strictly quasiminimal Banach space contains a subspace with no subsymmetric sequence. 
An extensive refinement of list of the classes and study of exampes were made recently by 
V. Ferenczi and C. Rosendal |161I17|. 

The mixed Tsirelson spaces T[(Ain,(^n)n], for -Mn = -^n or Sn, as the basic examples 
of spaces not containing ip or cq, form a natural class to be studied with respect to the 
classification program. The first step was made by T. Schlumprecht, [5j, who proved that 
his famous space S = T[(^„, l/log2(n + !))«] is complementably minimal. The result of 
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Schlumprecht holds for a certain class of mixed Tsirelson spaces T[{Ak„,On)n] by [27J. On 
the other hand, the Tzafriri's space T[{An, cj ^/n)^ [M| is not minimal by [21]. However the 
original Tsirelson space T[5i, 1/2] is not minimal [15J, every its normalized block sequence is 
equivalent to a subsequence of the basis. We show that mixed Tsirelson spaces T[(^„, Orl)n\^ 
for which Tzafriri space is a prototype, are saturated with subspaces with this "blocking 
principle". 

V. Ferenczi and C. Rosendal ^16j introduced and studied a stronger notion of quasimini- 
mality. A Banach space X with a basis is sequentially minimal |16| . if any block subspace of 
X contains a block sequence (x„) such that every block subspace of X contains a copy of a 
subsequence of (x^). The related notions in mixed Tsirelson spaces defined by families (5„) 
and their relation to existence of £f -spreading models were studied in |25| [22] . In [28j it was 
shown that the spaces T[{An, 0n)n], as well as T[(5„, 6n)n] satisfying the regularity condition 
9n/S^ \, where 6 = lim„ 9n , are sequentially minimal. We show that the modified mixed 
Tsirelson spaces TM[{Sn,Gn)n] with the above property are also sequentially minimal. 

The major tool in the study of mixed Tsirelson spaces r[(5„,0„)„] are the tree-analysis 
of norming functionals and the special averages introduced in |[7], see also |11| . The basic 
idea to prove quasiminimality is to produce in every subspace a sequence of appropriate 
special averages of rapidly increasing lengths and show these sequences span isomorphic 
subspaces. The major obstacle in study of modified mixed Tsirelson spaces is estimating the 
norms of splitting a vector into pairwise disjoint parts instead of consecutive parts as in non- 
modified setting. In order to overcome it, we introduced special types of averages, so-called 
Tsirelson averages, describing in fact local representation of the Tsirelson space T[Si,9], 

with 9 = sup„ 9n, in the considered space. Then we are able to control the action of a 
norming functional on a linear combination of Tsirelson averages by the action of a norming 
functional on suitable averages in the Tsirelson space T[Si,9] and vice versa. Using those 
estimations we prove the sequential minimality of modified mixed Tsirelson space satisfying 
the regularity condition. Tsirelson averages are also the main tool for proving arbitrary 
distortability of TM[{Sn,9n)] in case 9n/9^ \ 0, the result known before in non-modified 
setting under the condition 9n/9"' — ?• 0, ||3j. 

In the second part of the paper we deal with the existence of strictly singular non-compact 
operators in mixed Tsirelson spaces. The existence of non-trivial strictly singular operators, 
i.e. operators whose none restriction to an infinite dimensional subspace is an isomorphism, 
was also studied in context of classification program of Banach space, both in search for suffi- 
cient conditions and examples on known spaces. A space on which all the bounded operators 
are compact perturbations of multiple of the identity was constructed recently by S.A. Ar- 
gyros and R. Haydon, |10|, who solved "scalar-plus-compact". The existence of strictly 
singular non-compact operators was shown on Gowers-Maurey spaces and Schlumprecht 
space 1^, as well as on a class of spaces defined by families (5„)„ [19j. Th. Schlumprecht 
[33] studying the richness of the family of operators on a Banach space in connection with 
the "scalar-plus-compact" problem defined two classes of Banach spaces. Class 1 refers to 
a variation of a "blocking principle", while Class 2 means existence of a striclty singular 
non-compact operator in any subspace (see Def. 13. 3p . T. Schlumprecht asked if any Banach 
space contains a subspace with a basis which is either of Class 1 or Class 2. We show that 



a mixed Tsirelson space T[{An, -17^ )n] belongs to Class 1 if inf„ c„ > and to Class 2 if 
limn c„ = 0. 

In [23j a block sequence {xn)nen generating £i-spreading model was constructed in Schlum- 
preclit space S. This result combined with the result of I. Gasparis [19j led to the question 
if some biorthogonal sequence to (x„)n generates a CQ-spreading model in S* . We remark 
that this is not the case. In general, it is still unknown if any sequence in S* generates a 
CQ-spreading model. Finally we show that in mixed (modified) Tsirelson spaces defined by 
(Sn) containing a block sequence generating -^'J'-spreading model there is a strictly singular 
non-compact operator on a subspace. 

We describe now briefly the content of the paper. In the first section we recall the basic 
notions in the theory of mixed Tsirelon spaces and their modified versions, including the 
canonical representation of these spaces and the notion of a tree-analysis of a norming func- 
tional (Def. II. Sp . The second section is devoted to the study of modified mixed Tsirelson 
spaces T[{Sn, On)n] satisfying the regularity condition. We extend the notion of an averaging 
tree (Def. 12. 2p and present the notions of averages of different types, providing also upper 
(Lemma 12. lOp and lower (Lemma 12. 14p "Tsirelon- type" estimates. We conclude the section 
with the result on arbitrary distortion for spaces with 6n/0^ \ ( Theorem [2T9]) and sequen- 
tial minimality (Theorem I2.20p . In the last section we study the existence of non-compact 
strictly singular operators in mixed Tsirelson spaces T[{An-, On)n] (Theorem 13. 4p . We discuss 
the behaviour of a biorthogonal sequence to the sequence generating £i-spreading model in 
Schlumprecht space (Proposition 13. 6P and the case of mixed Tsirelson spaces T[{Sn,On)n\ 
admitting £'J'-spreading model (Theorem I3.8p . We finish with the comments and questions 
concerning the Tzafriri space and richness of the set of subsymmetric sequences in a Banach 
space. 

1. Preliminaries 

We recall the basic definitions and standard notation. 

By a tree we shall mean a non-empty partially ordered set (T, ^) for which the set 
{y & T : y ^ x} \s linearly ordered and finite for each x G T- li T' Q T then we say that 
(T' , ^) is a subtree of {T, ^). The tree T is called finite if the set T is finite. The initial 
nodes of T are the minimal elements of T and the terminal nodes are the maximal elements. 
A branch in T is a maximal linearly ordered set in T. The immediate successors of x £ T, 
denoted by >- (x), are all the nodes y £ T such that x < y but there is no z G T with 
X ^ z <y. If X is a linear space, then a tree in X \s a tree whose nodes are vectors in X. 

Let X be a Banach space with a basis (cj). The support of a vector x = Yli^i^i i^ the 
set suppx = {i £ N : Xi ^ 0}, the range of x, denoted by range(x) is the minimal interval 
containing suppx. Given any x = ^^aiCi and finite £' C N put Ex = xe = Yli^E'^i^i- 
We write x < y for vectors x,y G X, if maxsuppx < minsuppy. A block sequence is any 
sequence (xj) C X satisfying xi < X2 < • • • , a block subspace of X - any closed subspace 
spanned by an infinite block sequence. A subspace spanned by a block sequence (x„) we 
denote by [x„]. 

Notation 1.1. Given any two vectors x,y £ X we write x ^y, ifswppx C suppy, and we 
say that x and y are incomparable, if suppx D suppy = 0. 
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Given a block sequence (x„) C X and a functional f G X* we say that f begins in Xn, if 
minsupp/ € (maxsuppx„_i,maxsupp j;„] (set xq = 0). 

A basic sequence (x„) C— dominates a basic sequence {yn), C > 1, ii for any scalars (on) 
we have 

II ^ flnynll < C'll ^ a„X„|| . 
n n 

Two basic sequences (x„) and (y„) are C-equivalent, C > 1, if (xn) C— dominates (y„) and 
iVn) C— dominates (xn)- 

Definition 1.2. Let Ehea Banach space with a 1-subsymmetric basis («„), i.e. 1-equivalent 
to any of its infinite subsequences. Let (a;„) be a seminormahzed basic sequence in a Banach 
space X. We say that (x„)„ generates (n„) as a spreading model, if for any A; G N and any 

{ai)^^i C M we have 

k k 

hm hm ... hm ||y^aiX„J|x = HT^ ajiij|b . 

ni— >oo n2— >C)0 n^— >oo ^— ' ^— ' 

We say that a Banach space X with a basis is £p-asymptotic, 1 < p < oo, if any block 
sequence (xi)^^^ is C-equivalent to the u.v.b. of i^, for some universal C > 1. 

By |13) any seminormahzed basic sequence admits a subsequence generating spreading 
model. We say that (x^) generates ip- (resp. Co-)spreading model, if (ii„) is equivalent to 
the u.v.b. of ^1 (resp. cq). 

Recall that by Krivine theorem for any Banach space X with a basis there is some 
1 < p < oo such that ip is finitely block (almost isometrically) represented in X, i.e. for 
any e > and any n G N there is a normalized block sequence xi < • • • < a;„ in X which is 
(1 + e)-equivalent to the u.v.b. of ip. 

We work on two types of families of finite subsets of N: (^„)rieN and {Sa)a<uji- Let 

An = {F CN:#F <n}, nGN. 
Schreier families {Sa)a<uji, introduced in [T|, are defined by induction: 
5o = {{fc}: fcGN}U{0}, 
Sa+i = {Fi U • • • U Ffc : k<Fi<--- <Fk, fi,...,Fk£Sa}, a < oji . 
If a is a limit ordinal, choose a„ /^ a and set 

Sa = {F : F £ San a^d n < F for some n G N} . 
Given a family M = An or Sn we say that a sequence Ei, . . . ,Ek of subsets of N is 

(1) M- admissible, ii Ei < ■ ■ ■ < Ek and {mm Ei)^^^ G M, 

(2) Ai-allowable, if (-E'j)f=i are pairwise disjoint and (minE'j)^^-^ G Ai. 

Let X be a Banach space with a basis. We say that a sequence xi < • • • < x„ is Ai- admissible 
(resp. allowable), if (suppxj)"^^ is A^-admissible (resp. allowable). 

Definition 1.3 (Mixed and modified mixed Tsirelson space). Fix a sequence of families 
(Mn) = (^fc„) or {Sk„) and sequence {6n) C (0,1) with lim„_^oo ^n = 0. Let K C cqo be 
the smallest set satisfying the following: 



(1) (±e;)„ C K, 

(2) for any /i < • • • < /^ in X, if {fi)^^i is A^„-admissible for some n £ N, then 

We define a norm on cqo by ||x|| = sup{/(x) : / € -fi'}, x G Cqo- The mixed Tsirelson space 
T[{Mn,dn)n] IS the Completion of (cqo, || • ||)- 

The modified m,ixed Tsirelson space TM[i.Mm(^n)n] is defined analogously, by replacing 
admissibility by allowability of the sequences. 

It is standard to verify that the norm || • || is the unique norm on cqo satisfying the equation 
ll^ll = max < ||x||oo, sup < 6'„ N^ ||^i2;|| : (-£'j)j=i ~ -^n — admissible, n G N > > . 

It follows immediately that the u.v.b. (e„) is 1-unconditional in the space T[(A^„,0„)„]. 
It was proved in [7] that any T[(Sk„,9n)n] is reflexive, also any T[{Ak„,0n)n] is reflexive, 
provided ^n > — for at least one n G N, [llj . 

Taking Ain = -M. and On = for any n we obtain the classical Tsirelson- type space 
T[M,6]. Recall that T[An,9] = cq if 6* < 1/n and T[An,0] = ip, if 6* = 1/^ for q 
satisfying 1/p + 1/q = 1, |12| lllj . The space T[Si, 1/2] is the Tsirelson space. 

Schlumprecht space S is the space T[{An, t — / iiO n]; Tzafriri space is T[{An, -7=)n] for 
< c < 1. Modifled Tsirelson- type spaces are isomorphic to their non-modifled version, 
whereas the situation is quite different in mixed setting, [9]. 

We present now the canonical form of (modifled) mixed Tsirelson space in both cases 
Mn = Ak„ or 5fc„, nG N. 

Definition 1.4. [27j A mixed Tsirelson space T[{Ak„,On)ne'N] is called a p— space, for p G 
[1, oo), if there is a sequence {pn)n C (1, oo) such that 

(1) pn — )• p as A^ — )• oo, and pjy > PAf+i > P for any A^ G N, 

(2) T[{Ak„,9n)n=i] is isomorphic to £pj^ for any A^ G N. 

A p— space T[{An,On)neN] is called regular, if 0„ \ and 0„m > ^n^m for any n,?7i G N. 
Recall that any p— space is isometric to a regular p— space [28j. 

Notation 1.5. Let T[{An,dn)neN] be a regular p— space. If we set On = l/ri^''^'^ with g„ G 
(l,cx)), n G N, then q = lim„ (;„ = sup„ g„ G (0, c«], where 1/p + 1/q = 1, with usual 
convention l/oo = 0. 

In the situation as above let Cn = On'n^''^ G (0, 1), n G N, i/p > 1. To unify the notation 
put Cn = On, n G N, in case p = 1. 

A space TM[{Sn,On)n£N] with On\iO and On+m ^ (^nd-m is called a regular space. Notice 
that any modified mixed Tsirelson space is isometric to a regular modifled mixed Tsirelson 
space (cf. [3]). 

Notation 1.6. For a regular modified mixed Tsirelson space Tjv/[('5„, 0n)n] l^t ^ = hiiin On = 
supn^n G (0, 1]. We shall use also the following condition: 

(*) {On/0'')n\ I.e. On+m <enO'^ for any n,m£n. 



Lemma 1.7. The space T/v/[(5„[yl2])^n)n] is 3-isomorphic to Tj\/[(5„,^„)„]. 

The proof of the above follows that of Lemma 4.5, [28j with "admissible" sequences 
replaced by "allowable" ones. 

The following notion provides a useful tool for estimating norms in Tsirelson type spaces, 
mixed Tsirelson spaces and their modified versions: 

Definition 1.8. [The tree-analysis of a norming functional] Let f £ K, the norming set 
of T[{A4n,dn)n] (resp. ?Af [(A^„, 0„)„]). By a tree-analysis of / we mean a finite family 
{fa)a£T indexed by a tree T with a unique root G T (the smallest element) such that the 
following hold 

(1) /o = / and fa& K for all a gT, 

(2) a € T is maximal if and only if fa G (=be* ), 

(3) for every not maximal a G T there is some n G N such that (//3)/3gsucc(«) is an 
7W„-admissible (resp. -allowable) sequence and fa = ^n(X]/3esucc(a) fp)- ^^ ^^^^ ^n 
the weight of fa- 

For any a G T, a > 0, we define the tag t{a) = t{fa) as t{a) = W_a>B>Q'^^i9^^if p) ■ 

For any a G Twe define also inductively the order of a as follows: ord(O) = and for any 
j3 G succ(a) we put ord(/3) = ord(a) -|- n, where weight{fa) = On- 

Notice that every functional f £ K admits a tree-analysis, not necessarily unique. 
We shall use repeatedly the following 

Fact 1.9. Let X = TM[{Sn,On)n\ with (Jjk). Let {fa)aeT ^^ ^ norming tree of a norming 
functional f £ K and a not a terminal node. Let fa = Ora S/3esncc(a) fl3- ^^^n for every 
k G [ord(a),ord(a) + r^] we get 

fa = ^rc 2_^ ^ fs 

teAa sGFt 

where {fs)seFt is Sr^-[k- ovd[a.))' allow able, for any t G Aa, and {gt)teAc. isSk_ovd{a)-allowahle, 
for gt = 6'r^_{fc_ord(a)) EseFi ft, t e Aa- In particular by (*) we get 



faix) < e'^— ^(") Yl 9t{x)- 

t&Aa 

Moreover using that t{a) < 9oid(a) ^ 0°''^(") we have t{a)fa{x) < ^'^ X^jgyi gt{x). 

2. Modified mixed Tsirelson spaces defined on Schreier families 

In this section we present the main results on sequential minimality and arbitrary dis- 
tortability of a regular modified mixed Tsirelson spaces r/\f[(5„,0„)] with {4>)- In the first 
subsection we discuss the notions of averages of different types, in the next two subsections 
we present estimations on their norms. Since the u.v.b. in any (modified) mixed Tsirelson 
space and its dual is unconditional, we work in the sequel on functionals and vectors with 
non- negative coefficients. 



2.1. Averages. In this part we present the notion of special averages and recah basic facts. 
Let X be a Banach space with a basis. We wih use a version of the notion of special averages 
introduced in [7J. 

Definition 2.1. A vector a; G A is called an (M, e)-average of a block sequence {xi)i C A, 
for M G N and e > 0, if x = Y^i^QdiXi for some G G Sm and {ai)i^G C (0,1] with 
YlieG ^-i — ^ ^'^'^ fo'^ ^'^y ^ ^ Sm-i we have X^ieF ^i < ^• 

We use the notion of an averaging admissible tree, |3], with additional features: 

Definition 2.2. We call a tree {xI),2q^^i in A with weights (A/)- '-^^^-^ C N and errors 
(ei)jJi j=i C (0,1), an averaging tree, if 

(1) {xj)i^j- is a block sequence for any j, 1 = N^^ < • • • < A'^. 
Moreover for any j = 1 , . . . , M and i = 1 , . . . , A-' we have the following 

(2) there exists a nonempty interval /| C {1, . . . , A-'^"'^} with #/^ = A^^ such that 






SUCC{X'^,-yu.s J^^jj, 



(3) x] = 1/A/ E.e/^ 

(4) 2/e] < a/ < minsuppx^, 

(5) e^^-^ < 1/(2* maxsuppx^), maxsuppx^ < A^^^-^. 

Remark 2.3. In the situation as above we define coefficients (a|) ■ Jq ^^^ C (0, 1], as satisfying 

X = Si=i ^i^i • It follows straightforward that for any j = 0, . . . , M, i = 1, . . . , A-' we 
have the following 

(7) al = nr=j+i 17^1 where x^^ ^ x] for each M >r > j, 

(8) a| = V 0-. ja'L. 

Notice that any ocj is a (j, e|)-average of (xj^) o _< i- 

Proof. To show the last statement notice that by (4) for any j,i > 1 the block sequence 
succ(x:^) is 5i-admissible, thus any block sequence (x^) o _< i is ^j- admissible. To complete 
the proof notice that by the standard reasoning (cf for example |29j . last part of the proof 
of Proposition 3.6) we have the following fact: 

Fact Fix a block sequence {xm)m and let {xi)iLi be a block sequence of (M — 1, ej)-averages 
of (xm)mGAi such that A > 2/e and ej_|_i < 1/2* maxsupp Xj. Then x = -^(xi + • • • + xn) is 
a (M, e)-average of {xm)meA„i=i,...,N- □ 

The above Lemma together with the construction of an averaging tree presented in ^ 
yields the standard 

Fact 2.4. For any block sequence {xm)m of X, any e > and any M G N there is an 
{M,e)-average x of{xm)- 

From now on we fix a regular modified mixed Tsirelson space X = Tm [(5„, 9n)]- We shall 
use the following facts in the sequel. 
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Fact 2.5. [8] Let x = YlieF^i-'^i ^^ ^''^ {M,£)-average of normalized vectors {xi)i^p, M G N, 
e > and £ an Sm-i allowable family of sets. Then there is some G <Z F such that for 
every i & G the set {Exi : E £ £, Exi ^ 0} is Si-allowable and 

^\\Ex\\ < ^||^(^aia;i)||+2e/0A./. 

Fact 2.6. Let x = YlieF '^i-^i ^^ ^'^ {M,e)-average of normalized vectors {xi)i^F, M G N, 
e > and f a norming functional with a tree-analysis {fa)a^-Y- Then there is subtree T' of 
T such that any terminal node of T' has order at least M and the functional f defined by 
the tree-analysis ifa)aeT' satisfies f(x) < f'{x) + 2e. 

Proof. Let £ be the collection of all terminal nodes of T of order smaller than M. Let 
G = {i G F : some /„ begins in Xj, a G £}. Since the set {fa)a&£ is 5Af_i-allowable, it 
follows G \ {min G} G Sm-i and /(ZlieG '^i^i) ^ OminG + EjeG\{mmG} '^i ^ '^^- We let T 
be the tree 7~ with removed nodes from the family £. Then f{x) < f'{x) + fi^^^Q o-iXi) < 
fix) + 2e. D 

2.2. General estimations. We are able to control the norm of splitting a vector into 
allowable, not only admissible parts, by comparing it to the norm of splitting of a corre- 
sponding vector in the original Tsirelson space T[Si,9]. In this section we present the upper 
"Tsirelson-type" estimate for usual (M, e)-averages. 

For the rest of chapter we assume that the considered regular modified mixed Tsirelson 
space X = T/vf [(5„, 0n)n] satisfies (Jft). First we present a classical fact. 

Lemma 2.7. Let x = ^^ OiXi be an (M, e)-average of a normalized block sequence {xi)i C X , 
M G N. Then for any j G N, j < M and Sj-allowable {Ei)i we have 

/ I i 

In particular \\x\\ < 9^ 9 + Ae/9M- 

Proof. Take an 5j-allowable sequence {Ei)i. For any / take a norming functional fi with 
ll-B/xll = fi{x) and its tree-analysis {fl^)a^ji. Let £ be the collection of all terminal nodes 
a £ Ti for all /, such that ord7^(a) < M — 1 — j. Then the set {fa)aG£ is 5M-i-allowable. 
By Fact 12.61 we can assume with error 2e that all terminal nodes of all 71 have order at least 
M-j. 

We will add in the tree-analysis (/^)Q,e7]'s additional nodes {ht)t of order M — j — 1, by 
grouping some of nodes of Ti, and by (Jft) obtain the desired estimation. 

For any I let £i be collection of all a G 71 which are maximal with respect to the property 
ord7^(a) < M — j — 1. Fix a £ £i. Then by the above reduction a is not terminal, so 
fa = ^r^ Esesucc(a) fl for some 5r„-allowable (/]). By Fact O for /c = M - j - 1, there 
exists 5j\.f_j_i_ord(Q!)"aIlowable functionals {ht)t£Aa with 



t&Aa 



It follows that {ht)t£Ai is 5j\,/_j_i-allowable, where Ai = Ua,^Ei^a- Now we have 
\\Eix\\ = Mx) = Y, t{a)f^{Eix) 

Taking into account the error from erasing nodes with too small orders we obtain 

J2mx\\ < e^-^-'Y^Yl ht{Eix) + 2e < ... 
I I teAi 

Notice that {ht)t£A is 5A/-i-allowable. By Fact 12.51 with error 2e/9M we assume that the 
family (ht{xi))^.j^^r^.\-iLQ is 5i-allowable for each i and thus we have: 

...<0M-,-i^^^^ ^ ht{Eix,) + 4e/eM 

I i minsupp/it<minsuppxi 

I i 
I i 

u 

In order to deal with allowable splittings, we need the next result, stating - roughly 
speaking - that a restriction of an average x with an averaging tree high enough is still an 
average y, with a strict control on the error on the new average y - depending on the error 
in the averaging tree of x corresponding to minsuppy. 

Lemma 2.8. Let (xj), (N^), {aj), (e|) form an averaging tree for a {M + M ,e)- average x, 
M,M G N, e > 0, of normalized block sequence (x^)j, satisfying 

(1) for any i,j we have N^ = 2'^» for some kj, 

(2) for any i,j we have ej^^ < 6m£/2^ maxsuppx^, e\ < 6m£/2 for any i,j. 

Then for any / C N with N^^^j ^jg/ af'^ G N the vector y = ^jg/ O'i^^f^ i^ o, restriction of 
an {M,e^^^j) -average of some block sequence (y^) with \\y^\\ < 1 and such that the following 
property holds: 

(P) for every k, i, I either xf :< y\. or xf ^ y\. or xf and y^, are incomparable, where 
{y\.)k,l is the family of nodes of averaging tree of y. 

Proof. Let £/ = e^i-^i- We represent y = Xlie/ '^i^i ^s a restriction of an (M, e/)-average. 
We construct inductively on / = M, M — 1, . . . , an averaging tree (y^);=o ^=1 with weights 
{WD and coefficients {c{), where y[ = l/WlY^s^j^vV^ and c{ = lirytyl^yi^ Wf^^ ^^^^ 
that y^ = y and the following is satisfied 

(Po) c{y[ = EmeAj^. flm^m' A = T.m(iA{ ^m ^r ^very fc and / < M, 

(Pi) for every k,i,l either x\ ■< y\. or x\ is incomparable with y^, 

(P2) for every i,j,k,l either x^ :< y'j^ or x] ^ y^ or x^ and y^ are incomparable, 
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(P3) for every k,l we have W^. = uim{N^ : x\ < y^}. 
We allow one difference from the original definition: ij^Jf^ = L = N^^^j X^ig/ o^^, not W^ , 
to occur, otherwise #J^ = Wl for any / < M. 

We let yf = E.e/«f^f = T^meA^lxl, cf = 1, Af = A and W^ = N^^, < 
minsuppy. All properties (Po)-(P3) are obviously satisfied. 

Assume we have {y\)ki iWk)k ^^'^ ('^fc)fc f°^' some M > I > 2 satisfying the above. 

Fix k and consider A^. Pick any m G A^. By (Pi) in inductive assumption we have 
x^ ^ yl for any I < r < M, ir,kr with x^ :< x\ and x^ < yj. . Therefore N[^ > W^ for 
any I <r < M, i^, kj. as above. By Remark 12.31 and (P3) we have 



M ^1 ^1 I 



Recall that all coefficients a^, c^, 1/W| are some powers of 1/2 and (a^)m is non-increasing. 
Moreover for I < M we have X^^g^; o^ = ^^ , hence we can split Aj^ into VF^-many successive 



sets (j4^ "^)s=i such that for each s we have 



Z^ "™ w' 



In case I = M we have X^^g^A/ a^ = L/W-^ ^ hence we can split A^^ into L-many sets 
{Af )j^^^ such that for each s we have 



E 



We define then {y[ ^)s and (c'^ ^)s by 



^TT) 



„M 



VF^ ^M 



Hence obviously y[, = l/VF^ I]^ ?/i~^- We let also WJ"^ = minjA'^^"^ : x-"^ ^ yi~^} and 
thus we finish construction of vectors on level I — 1 satisfying (Pq) and (P3). 

Now we verify property (Pi). Notice that by property (Pi) on level I for each k we have 
suppy^ = Ujsuppx' : x' :< yj^} = U{suppXg~^ : x^"^ :< yl.}. In case / < M by Remark [23 
and (Pq) for / we have 



wL 



E ^^-^ = ^3 = 4= E«^= E «'^ 



and as in the construction each a^'g ^ < c^/W^ = c\. ^. In case of / = M we have 



M 



4' _ L 



^ cf-i = L^ = ^= V a^= V af-^ 



r:yf-ldl/f ^ '= ™e^f s: xf^^^j;" 
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and each a^^^^ < 1/W^ = c^^~^. Since all coefficients are the powers of 1/2 and the 
sequence {a}~^)s is non-increasing we can partition the set {s : x''~^ :< y^} into U{Br : 
yl~^ ^ Uk} such that for any r we have cIt^ = X^^e-B ^i^^- Consequently for any yl^^ :< y\ 
and x~^ < y\. we have either y~^ ^ x~^ or y~^ and x~^ are incomparable. 

The property (P2) can be verified analogously by induction. If for some l^k^j we have 
suppy^ = Ujsuppx^ : x^ < y^}, then we show that for any y^~^ < y^. and xl" :< y^. we 
have either y'r^ >z xi~ or y'.~^ and xi~ are incomparable. The same argument works if 
suppx^ = U{suppy^ : xj >z y^} for some i,j,l. 

Define for each I = M, . . . , 1 and k = 1, . . . ,Ki the error 5^. For k = 1 let 6[ = ej, for 
any I = M, . . . , 1. By property (Pi) for any /, k there is some ik ^ k with 

maxsuppyjT. < maxsuppXj^ < minsuppXj^^i < minsuppy^^^^^ . 

Let (5^1 = e' _|_x for any k > 1. We verify condition (5) of Definition 12.21 For k = 1 and 
/ = M, . . . , 1 we have Wl > N^^^j > 2/e^^^j = 2/5{. On the other hand we have for any 
/ = M - 1, . . . , 1 and A; = 1, . . . , i^, - 1 

4+1 = ^L+i < 1/2*' maxsuppx^^ < 1/2'= maxsuppy^ , 

and Ty^^,>iV4^,> 2/4+1 = 2/<5l,+i. 

Hence {y[.)k,i, (WDkA, ic[)k,l, (4)fcJ form an averaging tree and thus y is (M, e/)-average 
of {yk)k- Notice that 

ll'^fcyfcll ~ II / J '^m-^m II — / ^ "^m ~ '^fc J 

therefore ||y^|| < 1. Moreover property (P2) includes property (P). D 

Remark 2.9. Note that by the construction each sequence {ys~^)g^ji is 5i-admissible for any 
k,l. Hence it readily follows that for every set F of incomparable nodes (y^) the functional 
y~!„! cf? 9 e* . , is a norming functional on the space T\S^ , ^1. 

The next Lemma provides a "Tsirelson-type" upper estimate for the norms of averages. 

Lemma 2.10. Let (a;^), (-^/), (0^)7 {^D form an averaging tree for a {2M — 3,£)-average 
X, M > 1, e > 0, of normalized block sequence {x^)i, satisfying additionally the following 
conditions: 

(1) for any i,j we have N^ = 2^i for some k^, 

(2) for any i,j we have s^^i < ^A/e/2* maxsuppx^, e\ < ^j\/e/2 for any i,j. 

Fix an SM-i-o-l^owable family E of subsets ofN, such that the family {E G £ : Exf 7^ 0} 
is Si-allowable for any i, and coefficients {tE)EG£ C [0, 1]. 

Then there is a partition {Ve)eg£ of nodes {x^)i, with minsupp xj^jj^ ^^ > minS, such 
that 

^ isll-E^xll < C* ^ tE\\ ^ a^e^insuppxo\\T[Si,e] + Ce 
Ee£ Ee£ ieVs 

for some universal constant C depending only on Oi and 9. 
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Proof. STEP 1. Let us recall that x is an (M — 3,e)-average of {xf^)i. First let £i = {E G 
£ : E begins at xf^} and J = {i : £i ^$}. As (x*^)jgj is 5A/_4-admissible, we have 

For any E ^ £ let Ie = {i ^ J '■ Exf^ ^ 0}, Ie = lain Ie and ee = ^f^ ■ Compute 
^eE< eOm Y, Y. V2'^"' maxsuppxi^_i 

E<^£ ieJ EeSi 

< eOm 2. maxsupp x^' /2^ maxsupp x^ < eOm ■ 

STEP 2. Fix E e£. Let Y^iaiE ^f^i'^ = UmaK^m^li- Notice that each aj^ < l/iV^^ and 
(a^)m is non-increasing, therefore we can partition K into intervals A < B with X^^g^ a^ = 
EjNf^ and X^.^^^ a^ = ^l^f^ for some L G N and < 5 < 1. Hence we can erase 
Y^rrls « With error bl^f^ < 1/iV/^ < e^. 

After this reduction by Lemma 12.81 the vector y = '}2iei ^i^i i^ ^ restriction of an 
(M — 2,e£;)-average ^^ c^y^ with ||y^|| < 1 and property (P) given by a suitable averaging 
tree {yl.)k,l with proper weights, coefficients and errors. 

We take the family K = {k : minsuppxf^ G range y| for some xf }. Since {x^)i is an 
5M-3-admissible family and y is an (M — 2,e£;)-average of (y^), we can erase Xlfcei^ ''I^fc 
with error 2ee- For any i let 

/s,i = min{M >l>0:yih xf}. 
By the above reduction and (P) we can assume that Ie^i > 2 for all i €z Ie- Let 

-f^E.i = {k -.yl^ xf} for any i G Is- 
Compute by Lemma 12.71 for the (M — 2,e£;)-average ^^ c|y| and j = 

||Sx|| = ||i?^c|yi|| < ||^c|i?yi||+2ei, 



< 



^-i^M-3^ E ci||i^yi||+6e^/^M 



ie/fi keKE,i 



-lr,M-3 



Yaf E ||4^y^ll+6ei./^^ 



STEP 3. Fix i ^ J. Put 1"^ = {E ££ : i £ Ie} = {E £ £ : Exf / 0}. For any E £ Ti 

and k G Ke/i let tu^ = —^Eyi. For each fc G Ke^i take the norming functional /^ with 

/A:('W^fc) = \\wk\\ and supp/fc C suppwfc. 

We gather all the terminal nodes in the tree-analysis of /^ for all k G KE,^^ E £ J^i, of 
order smaller than M — Ie^i- By the assumption on £ and the fact that lE,i > 2 they form an 
iSjvj-i-allowable family, hence as xf is an (M,e^^)- average, we can erase these nodes with 
total error 2e^. 
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By Fact 11.91 adding nodes in the tree-analysis of each f/., k G K^^i, on the level M — l^^i, 
we get \\wk\\ < (^^^^^'^•^'}2i fki^i^) for some ^Af-^^ .-allowable functionals {f{)i. Pick Ei 
with tEiO~^'^i'^ = max{t£;6'^'^'' : E £ £}. Let U = Ie^^i and compute 



c2 



Notice again that {fl)i^keKE i,Ee£ is an 5A/_i-allowable family (as before by Iea > 2 and 
assumption on £). As xf^ is an (M, e^^)-average of suitable {x^)m, by Fact 12.51 with error 
2ef^ /6m, we may assume that for any m the family (supp/^, fl suppx5^)i^fce-ft:£; i,£6£' is ^i- 
allowable. Therefore we continue the estimation 

. . . < tEfi''-'^ E E E fi^-f') + 4^fV^M < ^r^^i^,^"'-^^ + 4ef /^M . 

E&Ti keKE,i I 

STEP 4. We define J^ = {i : £■ = Ei} C Ie' for any E e £. Notice that {Je)e<^£ are 
pairwise disjoint. By STEP 1, STEP 2 and STEP 3 we have 

Y,tE\\Ex\\<Y,tE\\EY,<4'xr\\ + Y,tE\\EY,o^'xf\\ 
Ei^e Eee i£j Ees igIe 

< 29^'e + 9^'e'^-' Y. E «'' E iE\\4lEyl\\ + 6 E ^^/^^^ 
EeSieiE keKE.i ^^ EeS. 



'E^i^'E E t^ii^i^i/^ii + (6 + 20^ 

< 0,-2^^^-3 J^ aftE^e^'-'^ + 4 J] ef /^A/ + (6 + 29^')e 

i^J i 

< 0-20^^-3 Y^tEY^ afe^'-'^ + (10 + 2ei')e <... 

Eee i&Je 

Fix E £ £. Notice that for any I the sequence {x^)^m^ i i^i_ is cSi-admissible, hence by 
Remark 12.91 the formula y~!.v-r ^^'^"''"''^e* . », defines a norming functional in T\S-\,9]. 

^-^li^i minsuppx^" " L ij J 

Therefore for any E £ £ we have 

2_^a,i ^ St) \\ 2_^ a-i Cj^insuppxf llT[5i,e] > 

and we continue the above estimation 

. . . < ^r'^"'-" E *^ll E «i^eminsupp.M|lT[5„e] + (10 + 29^^)8 < . . . 
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Consider zf^ = 1/af E^o^d^^f ameminsuppzO^, for i = 1, . . . , N^' , which are (M, ef )-averages 
in T[5i,0] by Remark 12.31 As H^^^^llTf^i.ei — ^^"^ fo^' each i, we continue 

. . . < e^^e-' E *^ll E "i^^i^'llTi^,..] + (10 + 2ei')s 

Eee igJe 

which ends the proof with C = 10 + 29^"9^'^ and Ve = {m : xj^ ^ a^f ;^ £ <^£;} for each 
Eg£. D 

2.3. Special types of averages. We present the lower "Tsirelson-type" estimate in a reg- 
ular modified mixed Tsirelson space X with (J(t). In order to achieve this we need special 
types of averages. We start with Corollary 4.10 [28j recalled below 

Proposition 2.11. For any block subspace Y of X, any M E N and e > 0, there is an 
{AI,e)-average x €zY of some normalized block sequence in Y such that 

0M-jj^ > sup J V ll^ixll : Sj-allowable {E,) \ > 9^'-^/D 




for any < j < M and some universal constant D depending only on 9i and 9. 

Proof. We recall Lemma 4.9 |28j, whose proof is valid, line after line, also in the modified 
case. Lemma 4.9 [28] and Lemma |2 . 71 vield the Proposition. D 

Definition 2.12. A special (M, e)-average x, M G N, e > 0, is any (M, e)-average satisfying 
assertion of Proposition 12.111 

For the next lemma we shall need the following observation. 

Fact 2.13. Fix M G N. Then for any G G Sm o.nd any z = X^jg^' ^^^i ^ ^^['^i, ^], {ai)i^c C 
[0, 1], there is a norming functional f with a tree-analysis with height at most M, such that 
\\4nsue] < 2/(^). 

Proof. Take a norming functional g with a tree-analysis {gt)teT satisfying g{z) = \\z\\T[s-^,e]- 
Let / be the set of all terminal nodes of T with order at most M and let gi be the restriction 
of 5 to / and g2 = 9 — 91- If 51 (^) ^ 52 (-2) then we let f = gi- Assume that gi{z) < 52 (-2) 
and compute 

9{z) < 2g2{z) < 29^'+' E «* ^ 20*^ ^ «* = 2/(^) > 

ieG\I i&G 

where / = 9^^ Z^igc ^i ' '^^lich ends the proof. D 

The major obstacle in obtaining the lower "Tsirelson-type" estimate for norm is the fact 
that given an (M, e)-average x = "^^^p ctiXi we do not control the norm of X^jg^' ^«^«i G C F, 
in general case. The next result provides a block sequence (xj) whose any 5M-admissible 
subsequence dominates suitable subsequence of the basis in the original Tsirelson space. 
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Lemma 2.14. For every block subspace Y and every M G N, (5 > 0, there exists a block 
sequence (xj) ofY satisfying for any G € Sm ind scalars [ai)i(zQ 



(2.1) 



\2_^aiXi\\ > -(1 



ieG 



I / ^ '3^4 1 1 3^« 1 1 Cminsupp Xi \ I r[cSi ,8] ■ 
i£G 



Proof. Assume the contrary. Notice first that for any M £ N we have 

vye]^ = 0^'^. Pick m G N such that V^m^ > Vd^{1 - 5)6^^ with D as in 

4: 



thus l imm- >oo yOMm 

Prop. 12.111 Take a block sequence (x^)j of special (Mm, e)-averages, for some e > 0. 

Since (|2.ip fails there is an infinite sequence G\. of successive elements of 5m and coeffi- 
cients (oj)jgfji such that 



X] ^^i^^iW < :^(l-'^)ll Yl "-IW^^iW^moWTlSue], 



ieGl 



ieGl 



where m^ = minsuppx^ for each i. Set x^ = ^jg^ji ajx^, ki £ N, and by Fact 12.13] take 
norming functionals /^ of the space T[Si, 9] of height at most M with 



Yl Oill^i'll^llTI^i.e] < 2/fc\ Yj ^IW^'iW^mO 



ieGi 



. i(^Gl 



J-1 



i-1 



Assume that we have defined {x^. )k .-^ and (/^ , )fc _i for some j < m. Then the failure of 
(j2.ip implies the existence of a sequence (G'^.)fc of successive elements of Sm and a sequence 



(a^) ^i such that 






J-i 



a^x^ I 



.j-i 



<^(i-'^)iiE«'N~'ii^m-^i 



T[5i,e] 



where tti;^ = minsupp x^ . Set xj,, = ^ 



*ef?i,. 



1 i — 1 



for kj G N, and take norming trees 



„i-i 



/^, of the space T[Si, 6] of height at most M such that 

/ \ 

II X"^ ill i— iii II ^ n j^i \~~^ ill i— iii 

WZ^aJK l|e^.-i||T[5i,e]<2/4, 2^ aiWxj ||e^ 

The inductive construction ends once we get the vector x™ and the functional /{". 
Each functional f^_ is of the form X^^^^j 6^e* j_i, by construction satisfying 



i.ii<(i-'j) E ^' 



?ll 7 — 1 1 

2 II 2 I 



ieGi 
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Inductively, beginning from /{" we produce a tree-analysis of some norming functional / on 
T[Si, 9] by substituting each terminal node e* j , j = 1, . . . ,m, by the tree-analysis of the 

functional /^. 

Put G = Ufc„_ieGrUfc„_2eG^-i • • -UfciGG^ Gl^- Let (/i)ieG be such that / = Y^ieG ^^'Krfi- 

Notice that li < mM for any i G G, as the height of each ff does not exceed M. We compute 
the norm of x™, which is of the form 

<= E E ••• E E«L-.---k° = E^^-°- 

fcm-ieG™A:„_2eG^„_i k-ieGl i&Gl i&G 

m — l 2 1 

Since each x? is a special (m-M, e)-average, for some 5mM-ii-allowable sequence {Ei)i^l^ we 
have ||3;0|| < D^gimM-^i ^^^^j|£;^^0||^ 

We have on one hand by the above construction 

i&G 

i&G leLi 

= (1 - 5)"^d2^'"A/ ^ 6, ^ ||^;a;0|| . 
ieG ieLi 
Notice that {Ei)i^u.^^i. is 5mA/-allowable by the definition of / and {li)i(zG, thus 

ieG leLi 
which brings 9mM ^ (1 — 6)'^D'^9"^^ , a contradiction with the choice of m. D 

Definition 2.15. A Tsirelson (M, e)-average x, M G N, e > 0, is an (M, e)-average x = 
X^ieF ^i-^i °f ^ normalized block sequence (xj) satisfying the assertion of the Lemma 12.141 
with 6 = 1/2. 

Definition 2.16. A RIS of (special, Tsirelson) averages is any block sequence of (special, 
Tsirelson) (nfc,e/2'^)-averages (xfc) for e > and (nfc)^ C N satisfying 

where Ik = max{/ G N : 4/ < n^}, A; G N. 

We need the following technical lemma, mostly reformulating Lemma 7, [22]: 

Fact 2.17. Take RIS of normalized averages (x^), for some (n^) C N and e > 0, and some 
X = Ylk^kXk with (6fc) C [0,1]. Then for any norming functional f with a tree- analysis 
ifa)aeT there is a subtree T' such that the corresponding functional f defined by the tree- 
analysis {fa)aeT' satisfies f[x) < f'{x) + 3e and the following holds for any k 

(a) any node a ofT' with fa{xk) / satisfies ord(a) < nfc+i/4, 

(b) any terminal node a ofT^' with fa{xk) ¥" satisfies ord(a) > n^. 
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Proof. In order to prove (a) we repeat the reasoning from the proof of Lemma 7 [22j. For any 
k let J-'k be the collection of all nodes in T which are minimal with respect to the property 
ord(a) > nfc+i/4 and fa{xk) 7^ 0. Then 



^ t{a)fa{xk) < 0it,+i\\xk\\e^ < 



2fc+i ■ 



Thus we can erase all nodes from J^k restricted to supports of Xk, for all k, with error 

For (b) we use Fact I2.bl for erasing all terminal nodes a of T with fai^k) 7^ with error 
2ek, for any k. D 

Lemma 2.18. Let x = Ylk'^kXk be an {M,e)-average of RIS of normalized special averages 
(xk), for (rik) C {M + 3, M + 4, . . . } and e > 0, with e < 9m- 

Then \\x\\ < D'6m, for some universal constant D' depending only on 9 and 9i. 

Proof. Take a norming functional / with a tree-analysis {fa)aeT such that ||2;|| = f{x). 
Using Fact 12.171 pick the subtree T' satisfying (a) and (b) and the corresponding functional 

/'. 

Let £ be collection of all a £ T' maximal with respect to the property ord(a) < M — 1. 

Notice that £ is 5a/_i - allowable. 

Fix a € £. Then a is not terminal, so fa = 9r^ Ssesucc(«) fs- ^^ i^ Fact 11.91 we partition 
succ(a) = UteA -^* ^^ such a way that {fs)s&Ft is 5oi.d(s)-(Af-i)"8'llowable for every t G Aa 
and {gt)teA^ is 5Af_i_ord{a)-allowable, where gt = ^s^Ftf^- Let A = UaesAa and notice 
that {gt)t£A is 5M-i-allowable. Let H denote the set of all k such that some gt, t G A, 
begins in x^. Since x is an (M, e)-average we have ||X^fcg//flfca;jt|| < "^keH^k ^ 2e. 

By definition of H for any a G £ and k ^ H with fa{xk) 7^ there is an immediate 
successor of a beginning before Xk- Thus by (a) we have for any k ^ H 

(c) for any a G £ with fa{xk) 7^ the order of immediate successors of a is at most 
nfc/4, 

(d) {gt : t G A, gt{xk) 7^ 0} restricted to suppx^ is Si - allowable. 

¥\y.k^H andtG A with gt{xk) 7^ and let B'l = {s G Ft : fs{xk) ^ 0}. 

Fix s G B^ and take the subtree Ts of T' consisting of s (as a root) and of all successors of 
s m.T' . By Fact 11.91 using (b) and (c) we can add nodes in Tg on level n^ — ord(s) obtaining 
ihs,r)reCs which is 5„^„oi.d(s) "Allowable satisfying 



fs{xk) < Y^ r^— '^w/i,,,(xfc) 
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Compute for k ^ H using the above and (Jft) 

teA seB^ reCs 

<0mY.Y1 E^"'"''^^.'-(^'^)- 

Notice that the family {hg^r '■ f S Cg, s € B^} for any fixed t ^ A,k ^ H is 5„^_m+i- 
allowable. Therefore by (d) the family {hg^r '■ f £ Cg, s G B^, t G A] for any fixed k ^ H 
is 5„j._M+2-allowable and hence since x^ is a normalization of a (nfc,eA;)-special average, we 
continue the estimation 

• • • < eM0'''~^'^D^e-'"^+^^'^ = D^9-^9m ■ 

We compute 

fix) < fix) + 3e < ^ akfixk) + 5e < D^Q-^eM + 5e < iD^-^ + 5)0m , 

which ends the proof of Lemma. D 

2.4. Main results. 

Theorem 2.19. Let X he a regular modified mixed Tsirelson space Tj\//[(5„,0n)ra]- If 
0n/0^ \ 0, then X is arbitrary distortahle. 

Proof. Theorem follows immediately from Proposition 12. 11] and Lemma [2. 181 D 

Recall that a Banach space X with a basis is called sequentially minimal ([16j), if any 
block subspace of X contains a block sequence (x^) such that every block subspace of X 
contains a copy of a subsequence of (x„). Notice that this property implies quasiminimality 
of X. 

Theorem 2.20. Let X he a regular modified mixed Tsirelson space Tj\//[(5„,0n)n]- If 
0n/0^ \; then X is sequentially minimal. 

The theorem follows immediately from the following result: 

Lemma 2.21. Let (xfc)^, iyk)k be RIS of Tsirelson (2Mfc — 3,ek)-averages, M^ > 4, e < 
iQC)^^ , with C as in Lemma \2.1(A such that 

(1) Xk has an averaging tree (a;]. Jij, i^k,i)i,j> (4,i)iJ' i"'i,i)iJ' Vk ^°-^ ^"^ averaging tree 

iVk,i)hJ' i^k,i)id' i^i,i)id' i'^i,i)i,j> b"^^ satisfying conditions (1) and (2) of Lemma 
\2.10\ for any k, 

(2) minsuppj;^ j = minsuppy^ j and ||x^ J| = ||?/^ Jl = 1 for any k,i, 

(3) Ek < 02^1^30^^^-^ 8/2''+^ 'for any k. 

Then ixk/\\xk\\)k arid iyk/\\yk\\)k are equivalent. 
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Notice first that Lemma above yields Theorem 12. 20| as given a block sequence {wn) in X 
and a block subspace Y of [wn] and A; € N, we can choose block sequences (ui) C [wn] and 
(vi) C Y satisfying the assertion of Lemma 12.141 for 2Mfc — 3. Passing to a subsequences if 
necessary and using a small perturbations we obtain block sequences (uQ and (v'-) of the form 
u'i = Ui + Sierrii, v[ = Vi + SiCm^, for some (ttij) C N with rrii = minsuppn^ = minsuppu^ 
for each i and small {5i) C (0,1), which are equivalent to (uj) and (vi) respectively and 
satisfy still the assertion of Lemma [2.14l for 2Mfc — 3. Then construct on these sequences two 
Tsirelson (2Mfc — 3,efc)-averages with averaging trees as in Lemma [2.211 with equal systems 
of weights, errors and coefficients, obtaining Xk and y^. 

Now we proceed to the proof of Lemma 12.211 

Proof. Notice first that by Lemmas 12.71 and 12.141 we have estimation 

^2Mfc-3/4 < llxfcll < 56l]"26|2*^'=~^ k£N, 

and the same estimation for \\yk\\, k G N. 

We show first that {yk/\\yk\\)k dominates (x^/Hx^lD^. Let x = Ylk'^kXk/WxkW be of norm 
1, with (dk) C [0,1], and take its norming functional / with a tree-analysis {fa)aeT- Let 
y = "^k^kVk/WykW- By Fact 12.171 we can assume with error e that ord(a) < Mk+i/4: < 
Mk+i — 4 for any a £ T with fai^k) 7^ 0. For any A; > 1 let 

i?fc = {a G T : fa begins at Xk and has a sibling beginning before Xk}- 

By our reduction ord(a) < Mk — 4 for any a G iSfc, k > 2. We replace in the tree-analysis of 
/ each functional /q,, a G £^fc, by two functionals ga = falsnppx^ and ka = fa— 9a, obtaining 
a tree-analysis of a functional g on the space X2 = T[{Sn[A2],0n)n], which by Lemma [1.71 is 
3- isomorphic to X. 

Notice that {ga)aeek,k>2 have pairwise disjoint supports and (IJae£: supp5rQ,)nsuppXfc = 

supp / n supp Xfc , hence /|suppxfc = Sae£- t{ci)ga- For each k>2 consider the set Jk = {i '■ 

some ga begins at Xj^^}. Notice that by our reduction {ga)aeek is 5Mfe-4-allowable, thus 

(x^ l)iej^ is 5Mj.-4-admissible and recall that Xk is an (M^ — 3, efc)-average of {xj^ ^). Let g'^, 

a G £k, be the restriction of ga to Uj^j^ suppx^ *. Then we have the following estimation 

fix) = ^f{x,) + Y,/^f{xk) 

KEl ^-^ \\Xk\\ 

II ill ^>2 " '^" 

s A/(-.) + E CT E '(°)<(-») + E CT E <n-^ II 



Fi 



adEk k 



- Tr\-^(^i) + yi TtAt yi t{'^)9'a{xk) + e ■ 

" " fe>2 " " aeffc 

Fix A; > 2. Notice that by definition the set {(7^ : gaiXf^i) 7^ 0} restricted to the support of 
x^^ is 5i-allowable for any i. Therefore by Lemma [2. 101 we pick suitable partition (V^)agfj. 
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of nodes {x^ Jj with minsuppx^ ^jj^y > minsupp^^ for each a G S^ and applying Lemma 
12. 141 we have 

Y^ t{a)g'^{xk) < C' ^ t{a)\\ ^ Ofc.iCj^insuppxO JlT[5i,e] + Csk 

- ^ X] *(")" X] "°,i^minsuppj/0_JlT[5i,e] + CSk 

<2C^t(a)||^aO,yO_J|+C£fc 

where ha is a norming functional on X with ha{yk) = lEigy '^^fci^fcill ^^^^ minsupp/ia > 
minsupp x^ n^j^ y > minsupp g'^ for each a £ S^- 

We modify the tree-analysis of g, replacing each node ga, a £ £ki k > 2, hy the functional 
ha- As minsupp /id > minsupp gf^ for each a, we obtain a tree-analysis of some norming 
functional h on X2. We compute, by Lemma 11.71 and above estimations including the 
estimation on the norms of {xf.)). and {ykjk^ 

1 = f{x) <di + y] -^ V t{a)ga{xk) + e 
■^^ \\Xk\\ ^-^ 
k>2 " " aeSk 

<d,+4oce-'y^^y2tia)ha{yk) + ^cy2^^^+e 

<di+ 40Ce-^h(y jfi^yk) + 3Ce 

k>2 "^'^" 

< l2lCe-^\\y\\ + l/2, 

which means that {yk/\\yk\\)k dominates (xjt/||xfc||)fc. Since the conditions are symmetric, 
the opposite domination follows analogously. D 

3. Strictly singular non-compact operators 

3.1. Spaces defined by families {An)n- As in mixed Tsirelson spaces defined by Schreier 
families the crucial tool will be formed by £p— averages. 

Definition 3.1. A vector x £ X \s called a C — ij. — average of length m, for r £ [1,00], 
m E N and C > 1 if 2; = Yl^i ^i/W SIILi ^ill ^r some normalized block sequence {xn)]!^=i 
which is C-equivalent to the unit vector basis of £™. 

Definition 3.2. [33j Let X be a Banach space with a basis (e„). Then X is in 

(1) Class 1, if every normalized block sequence in X has a subsequence equivalent to 
some subsequence of (e^i). 

(2) Class 2, if each block sequence has further normalized block sequences {xn) and (y„) 
such that the map x„ 1— )• yn extends to a bounded strictly singular operator between 
[xn] and [y„]. 
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T. Schlumprecht asked if any Banach space contains a subspace with a basis which is 
either of Class 1 or Class 2 and gave some sufficient condition (Thm. 1.1 [33j) for the 
existence of strictly singular non-compact operator in the space. 

Theorem 3.3. [33j Let (xn) and (y„) be two normalized basic sequences generating spreading 
models (un) and (vn) respectively. Assume that (u„) is not equivalent to the u.v.b. of cq and 
(un) strongly dominates (vn), i.e. 



oo 



II / o^iViW < max^n max ||> aiuAl 

^-^ neN #F<n ^-^ 

for some sequence [bn) with (5„ \ 0, n — t- oo. Then the map Xn i— J- y„ extends to a bounded 
strictly singular operator between [a;„] and [y„,]. 

Theorem 3.4. Let X = T[{An, -i7^)n] ^e a regular p— space, with p € [l,oo). Then 

(1) ifvainCn > 0, then X is saturated with subspaces of Class 1. 

(2) i/c„ — 7- 0, n — ;• oo, then X is in Class 2. 

Proof. PART (1). We show that any block subspace of X contains a normalized block 
sequence {us)s with the following "blocking principle": any normalized block sequence {yj)j 
is equivalent to any {u^ )j, with yj < u^.^-^ and u^ < Vj+i- It follows that the subspace 
[{us)] is sequentially minimal.. 

By Prop. 2.10 [28] any block subspace of X contains an £p-asymptotic subspace of X. 
Let W be such £p-asymptotic subspace, spanned by a normalized block sequence {wk)k- Let 
C be the asymptotic constant of W, i.e. any normalized block sequence {zi)^^^ with zi > n 
in W is C-equivalent to the u.v.b. of £". 

For any block subspace Y of X spanned by normalized block sequence (y„) let \\Y2^ anyn||y,oo 

Fix two strictly increasing sequences of integers (m„)„ C N and {Nj)j C N and take 
normalized block sequences {vn)n of {wk)k and {uj)j of {vn)n such that 

(1) Vn > rnn in W for any n, 

(2) for any y G [(■Uj)j>„] we have ||y||iy,oo < 1/(8"t.^), for any n, 

(3) Uj > Nj in y = [{vn)n] for any j, 

(4) for any y £ [(ui)i>j] we have ||y||y,oo < 1/(8A'|), for any j, 
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(5) ^Nj > CV+' for any j 

(6) NjOrrin < 1/2"^^ for any n > j (in particular ?tt,„ > Nj for any n > j) 

(7) e,n„ Ei<n#supp7;i < l/2"+5 for any n 

Notice that every vector y G [(f«)i>n] is an 2C — £p-average of length m„ of some normalized 
block sequence (yj)™!\ of {wk)k- Indeed, by Claim 3.8 [28j and condition (2) split y into 
{Fyi)™Z[ with almost equal norm and obtaining by condition (1) and £p-asymptoticity of 
W that y is a suitable average. The same holds in V: every vector y £ [(^i)j>i] i^ ^n 
2C — £p-average of length Nj of some normalized block sequence (?/i)jJx (block with respect 

to {Vn)n)- 

We show that under such conditions we can prove the above Theorem repeating the 
proof of Theorem 3.1 |28| . We consider any normalized block sequence {yj) of (uj) and 
as (zj) we take (uk) with yj < Uk-^^ and Uk- < Vj+i- By the above observation yj = 
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{y{^ h y^Mj)/\\yi -^ ^Vn, II ^'^'^ "fcj = (^i -^ ^ ^TvP/ll^i -^ ^ ^tv, 11^ where (ypjJi 

and {u^j)^li are normalized block sequences with respect to {vj)j. Notice that {Nj) are 
big enough by condition (5). We again use the above observation obtaining that each y*- 
and t>*- is an ^p-average of a block sequence, of {wk)ki of suitable length with parameters 
satisfying the assertion of a version of Lemma 3.2 [28j for C-averages instead of 2-averages 
(by conditions (6) and (7)). Therefore repeating the proof of Theorem 3.1 [28j we obtain 
uniform equivalence of [yj) and {uk) and hence "blocking principle" stated above. 

PART (2). Fix a block subspace Y of X. By Theorem 2.9 |28| p is in Krivine set of Y . 
Take finite normalized block sequences {yi)i such that for some (mj)j C N 

(1) each ?/j is 2 — ^p— averages of length Ni > {2miY , 

(2) Om^ Ei<n#supP2/i < 1/2^+5 for any i, 

(3) 2^+^e^^ ^ 0, i ^ oo. 

Passing to a subsequence we can assume that {yi) generates a spreading model {vi). 

Lemma 3.5. The spreading model (vi) is strongly dominated by the u.v.h. of ip. 

Proof. Take A: G N and {ai)fL^ G cqo with ||(ai)||oo < l/k^ and \\{ai)\\i^ = 1. Choose M 
by (3) in definition of (yt) with Nd^i+M < 1/2^+*^+^ for any i and 1/2*^ < l/k. We have 

\\l^i=iaiVi\\ < 2\\2^iJi+M"-iyi\\^ where o^+m = ai, t = 1, . . . ,N. 

Take a norming functional / with a tree-analysis {ft)teT and supp/ C suppy, where 
y = X]j=x_|_7y^ o-iyi- By Lemma 2.5 [28j up to multiplying by 36 we can assume that for any 
ft and yi we have either supp/t C yi, supp/t D suppy^ fl supp/ or supp/f n suppy^ = 0. 
We say that ft covers yi, if t is maximal in T with supp/t ^ suppy^ Pi supp/. 

Let ^ = {t G T : ft covers some yJ. Given any t G ^ let Ij = {i = 1 + M, . . . ,N + M : ft 
covers y,}. Let 9mt be the weight of ft. If ?TT-t > rui for some i ^ It let it be the maximal 
element of It with this property. Otherwise let it = 0. 

For any i £ It let Ji = {s €z succ(t) : supp/s C suppyj}. By Lemma 2.8 [28] we have 
EssJ. fsiVi) < 8(#J^)^/'^ for each i G /t,i > tt- 

First let Lt = {i ^ It ■ suppy^ n supp/ C supp/t}. Notice that for any i G Lt there is 
some /t . - successor of ft so that supp yi n supp / C supp ft^ . Hence 



ftiY, Cliyi) < On^jYl fuC^iV^)) < N^rrn, < 1/2^ 



yt+2 

ieLt jeLt 

Thus /(EteAieL 2^«) — 1/2^^ and we erase this part for all t with error < l/k. Notice that 
by condition (2) in choice of (yi) we have 

/*( YI yi)<^m,,E#^^ppy^^V2'*+', 

ielt,i<it i<it 

SO we can again erase this part for all t with error l/k. 

Let g be the restriction of / to UteASuppyj^ and h = f — g. First we consider y(y) = 
EteA t{ft)aijt{yit)- Let S = {t G A : ord(/t) < k}, hence #S < k. Then EteB ^itftiVit) < 
f^B/k"^ < l/k, hence we can erase this part with error l/k. Notice that EteAVB d(f \^/i ^k 
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is a norming functional on £p, hence 

Y] aiXft)ft{yit) < Y] at, ZV\\i/o - ™^xg"ll(°»t)feA\glkp < maxc^ . 

^ — ' ^ — ' (ord( f^ )^/'^ n>k ^ '^ n>k 

t£A\B teA\B ^ ^yjtn 

We consider h{y) = Y.t&A T,ielt,i>H ^' T^seJ, tifs)fs{yi)- Let D = {s e Ji,i e It,i > it,t G 
A : ord(/,) < A;}. Then 

E E E ^ifsiyi)<#D/e<i/k, 

t£Ai£lt,i>it seJiHD 

and we again erase this part with error 1/k. For any i G It,i > it for some t £ A we let 
Tj = ord{ft)mt and compute, using Holder inequality, 

E E E ~^^tifs)fs{y^) <Y1 E «^8(#J0^/% 

teAieIt,i>it seJi\D tGAieIt,i>it 



< 8 max c„ > > 



n>A; ^^ ^-^ ^1/9 

teAiGlt,i>it 'i 

< 8maxc„||(aj)j6/j,j>it,teA|k„ < Smaxc^. 

n>A; n>k 

We put all the estimates together obtaining 

f{y) < 36(9 max c„ + 4//;;). 

n>k 

Therefore we proved that A^ = sup {||^^gfi^ajt;j|| : supjg|^|aj| < e, ||(aj)jgNlkp = l} con- 
verges to zero, as e — 7- 0. By Lemma 2.4 [33) there are some {6n)n C (0, oo) with 5^ \ 
such that for any (aj)j G cqo 

liy'ajUjII <max5n max \\{ai)i(zF\\e„ , 

i 

which ends the proof of Lemma. D 

We continue the proof of Theorem l3.4[ By the proof of Thm 2.9 [ 28j , p is in the Krivine set 
of Y in Lemberg sense (24) . i.e. for any n there is a normalized block sequence (x^" )i C Y 
generating spreading model {ui)i such that (u''^-')^^]^ is 1-equivalent to the u.v.b. oi Pi. 

Pick {mn)n such that 5m„ < 1/4". Apply Prop. 3.2 [4J to constants C^ = 2", n G N and 
normalized block sequences (x^™" )j generating spreading models (n^™" )j. We obtain thus 
a seminormalized block sequence (xj) generating spreading model {ui)i which Cn dominates 
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(u^™"" )j for any n E N. By Lemma [3. 51 we obtain 

||y^aji;i|| < max5„ max ||(aj)jeF||^„ 

i 

< max 6m„ max 1 1 (flj ) ieF I 

nSN #F<m„+i 



< max 1/4" max 11 > a 

< maxCr,+i/4"' max 11 > o< 



(m„+i)| 



J6F 



< max 2/2" max 11 > aiuJI . 

nSN #F<m„+i ^ 

Notice that (uj) is not equivalent to cq, thus by Theorem 13.31 we finish the proof. D 



In |19| the construction of non-compact strictly singular operators was based on cq- 
spreading model of higher order in the dual space. However this method does not fol- 
low straightforward in case of p— spaces, as the observation below shows. We consider the 
Schlumprecht space S = T[{An, j^ — In+i) )"] introduced in [32]. In [23] it was shown that S 
contains a block sequence generating £i-spreading model. 

Proposition 3.6. Consider the sequence (yi^) generating ii-spreading model constructed in 
[23j, yk = X]m=i ^fc,mj fc G N. Take any block sequence (y^) C S* so that y*f.{yi) = Si^k- Then 
the sequence (y^) does not generate cq- spreading model. 

Proof. We can assume that suppy^ = suppy^, fc G N. Consider two cases: 

CASE 1. There is mo G N, (5 > and an infinite K C N with \yl{YZti Vk,m)\ > S for 
any k £ K. 

Let zl be the restriction of y^ to the support of ^^^=1 '^k,m, k £ K. Then (zDk^K is a 
seminormalized block sequence in S* , majorized by [y'^k&K- Since by the form of {vm,k) the 
length of supp(^™?^;^ Vk,m) is constant, we can pick some subsequence (zl)k£L of {zl)k<^K 
consisting of, up to controllable error, equally distributed vectors. As the u.v.b. in S is 
subsymmetric, the same holds for {zl.)keL, thus {z'^)k£L is equivalent to spreading model 
generated by itself. It follows that (y^) cannot generate CQ-spreading model. 
CASE 2. If the first case does not hold, pick increasing (Nj) C N so that 






< 1/2^' . 



m=l 

Consider the norm of vectors z| = y^ -|- • • • -|- y^. . Put 



XNi =yNi, XNj = ^ VNj,m, j > 1 

m=Nj^l+l 

By the choice of (Nj) we have y^^X^N-) > 1 — 1/2-'. 
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We estimate the norm of Xj = x^-^ + • • • + x^r-. We can assume at the beginning that 
{Nj) was chosen to increase fast enough so that (x^v ) is -D-equivalent to the unit basis of S 
(see Remark 5, Lemma 2 [23]). Therefore ||xj|| < Dj/f{j). 

By the choice of (Nj) and definition of X]\f. we have z*{xj) > j — 1- Hence 

||z*|| > z*{x,)/\\x,\\ > fij){j - l)/Dj > fiJ)/2D . 

Notice that the same scheme works if we replace A'^i , . . . , A'^- by any N^ , • • • , Nn in definition 
of Zj, hence no subsequence of (y^) can produce a CQ-spreading model. D 

3.2. Spaces defined by families (5„)„. Regarding the existence of strictly singular op- 
erators from subspaces of mixed Tsirelson spaces we prove the following result, which is in 
"localization" of Schlumprecht result in mixed Tsirelson spaces. First recall the definition of 
a higher order ^i-spreading models. 

Definition 3.7. We say that a normalized basic sequence (x„)„gN in ^ Banach space gen- 
erates an C — £^-spreading model, q < wi, C > 1, if for any F G Sa the sequence {xn)neF 
is C— equivalent to the u.v.b. of v[ . In case of a = 1 we obtain the classical £i-spreading 
model. 

We recall that [M], M C N, denotes the family of all infnite subsequences of M, [M]^ - 
the family of all finite subsequences of M. 

Theorem 3.8. LetX = T[{Sn,On)n] orTM[{Sn,dn)n] be a regular (modified) mixed Tsirelson 
space. If X contains a block sequence {nn) generating H.^^- spreading model then there are a 
suhspace Y C [(?/«)] and a strictly singular operator T -.Y ^ X. 

We recall that in |25) it was proved that if a regular sequence {On) satisfies linim lim sup„ ^g+2. > 
then the mixed Tsirelson space X = r[(5„,^„)„] is subsequentially minimal if and only 
if any block subspace of X admits an £'J^-spreading model, if and only if any block sub- 
space of X has Bourgain £i— index greater than uj^ . These conditions hold in particular if 
sup^n = 1 [27]. In [22] analogs of these results were studied in the partly modified setting. 

To prove the theorem we first define an index measuring the best constant of the (.f- 
spreading models generated by subsequences of a given sequence. Let x := {xn)n&n be a 
normalized block sequence. We set 

5a{x) = sup{5 > : 3M G [N] such that {xn)neM generates 5 — If spr. model} . 

The following properties of 5a{x) follows readily from the definition. 

a) 6a{iXn)neN) = Sai{Xn)n>no) for ah Uq G N. 

b) (5((x„)„eA/) < Sa{{xn)neN) for ah M G [N]. 

c) {5a{x))a<uji is nou-increasiug family. 

By standard arguments we may stabilize 5a{x). Namely passing to a subsequence we may 
assume that 5a{ixn)n£N) = Sa{ixn)neM) for every M £ [N]. 

By Bourgain's ii —index it follows that Sa{{xn)nGf>i) > countable many a's, enumerate 
them as («„)«■ In particular for an asymptotic ii space it follows that Sn{x) > for all 
n G N. 
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Inductively we choose Mi D M2 D . . . infinite subsets of N such that 

'^Q„((a;n)neM„) = ^a„(a^n)neL VL e [Mn] . 
We define the family 

-^25„„(x) = {A£ [N]< : 3x* G Bx* with x*(xi) > 2(5„„((x„)„eN) for all i E ^}. 
By I. Gasparis theorem |18| there exists N € [M„] such that 

either 5„„ n [N] C -Fa^^^ or J-25,„ n [N] C 5„„. 

In the first case by 1-unconditionality of the basis it follows that {xn)neN arid hence {xk)k<^Mn 
contains a subsequence which generates 25a^ — ^""-spreading model, a contradiction. So 
additionally we may assume that there exists M„ G [Mn_i] with 

(3.1) -F25.„(M„)c5„„, 

(3.2) 5a„_i n{m„,m„ + 1,...} C 5a„ . 

Let M = {mi)i be a diagonal set. Passing to a subsequence we may assume that ^^ '^'^On < 
0.25. Let llX^jOj^mJI = 1 and let x* E i?x* such that ^iaiX*{xm.) = 1. By the uncondi- 
tionality we may assume that x*{xmi) > for every i. Let 25aQ = 1 and 

Fk = {i : x*{x^J £ {2da,„25a,,,]} 

and Fl = Fkr\{l,...,k- 1}, F^ = F^ n {A:, A: + 1, . . . }. 

From (I3I]),(I32D we get F| G 5^, n {A;, /c + 1, . . . } = ^fc- It follows 

00 

II / ^ O'iXmj II — / ^ QjX (^S^TTiiJ — / ^ / ^ O-iX (,2^m,ij 
i i k=l i&Fk 

00 / 
= J]] X] "i^*(^™.) + X] «»^*(^™») 

00 00 

< X] ^'^"'=-1 (^ ~ ^) max|a,| + ^ 25^.^.1 Yl I 

A:=2 * fc=l ieF2 

00 

< O.Sll^ajXmJI +X2(5as^_^ sup y^|ai| , 

i fc=l ^^^'^ i&F 

and therefore HX^j tiia^mJI < '^Y^T=i ^a^-i ^'^PpeGk Y^iepl'^il- 
So we have the following 

00 

(3.3) llXl"*^'"*!! - ^X]'^"^*-! ^^P X'^'l ^""^ ^^^ (°^^)^' 

i k=l ^^^i' i&F 

where Qk = Sa^D {k,k + 1, . . . }. 
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Proof of the Theorem \3.8[ Let e = (e„)„gN t»e the basis of X. Using that for every j G N 
and every X^jgF '^i^i special convex combination of the basis it holds 

see [71 19]. It follows readily that 5n{e) G [9n, 29n] and 6uj = 0. 

Since the space X contains a a block sequence (yn)neN generating ^f -spreading model it 
follows that 

II /^ ««yi|| ^ cN^|aj| Vn G N, F G 5„ n {n, n + 1, . . . }. 

By the previous reasoning we pick a, M = {rrii) G [N] and a sequence a^ /^ uj such that 
X^fc ^"^Ofc < °*^ ^^'^ (|3.3p holds. Setting M = J2k ^Qfe-i ^^ have 



\Y,^i^^^\\ < 8^0o,_j sup ^ 



a»: 



8M v^, , 

< supc sup > I Oil 

c '^-^ 

It follows that the operator extending the mapping y„ — )• Xm„ factors through a CQ-saturated 
space and hence is strictly singular. D 

3.3. Remarks and questions. As a corollary to Theorem 13.41 part (1), we obtain that the 
(non-modified) Tzafriri space Y has an asymptotic £2 subspace Z which satisfies a blocking 
principle in the sense of [14] . The only known spaces with a blocking principle so far were 
similar to T, T* and their variations. The two major ingredients used in [14j for proving 
the minimality of T* are the blocking principle and the saturation with £^'s. It is shown in 
[21] that Tzafriri space Y contains uniformly £^'s. It is not known whether Y is uniformly 
saturated with £^'s. In the opposite direction, we do not know if Z contains a convexified 
Tsirelson space T^^^ (which is equivalent to its modified version). 

In 1977 Altshuler [2j (cf. e.g. [26j) constructed a Banach space with a symmetric basis 
which contains no ip or cq, and all its symmetric basic sequences are equivalent. In 1981 C. 
Read ^31j constructed a space with, up to equivalence, precisely two symmetric bases. More 
precisely. Read proved that any symmetric basic sequence in his space CR is equivalent 
either to the u.v.b. of ii or to one of the two symmetric bases of CR. A careful look at the 
papers of Altshuler and Read shows that their proofs work similarly for the more general 
case of all subsymmetric basic sequences. This observation leads to the following questions: 

Question 1. Does there exist a space in which all subsymmetric basic sequences are 
equivalent to one basis, and that basis is not symmetric? 

We remark that Altshuler's space has a natural subsymmetric version but we do not know 
if it satisfies the above property. 

Question 2. Does there exist a space with exactly two subsymmetric bases, which are 
not symmetric? 
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